We investigate the role of the torsion field at the quantum level. One-loop counterterms are calculated in the theory with terms quadratic in the torsion field. We have shown that the theory is finite at the one-loop level.
Introduction
The construction of a quantum theory of gravity is an unresolved problem of modern theoretical physics. It is well know that the Einstein theory of gravity is not renormalizable in an ordinary sense [1, 2, 3] . Therefore, one needs to modify the theory or to show that the difficulties presently encountered in the theory are only artifacts of perturbation theory. The simplest method of modifying the Einstein theory is to introduce terms quadratic in the curvature tensor in the action of the theory. This theory is renormalizable and asymptotically free but it is not unitary because the ghosts and tachyons are present in the spectrum of the theory [4, 5] . It should be noted that the unitarity of the theory cannot be restored by means of loop corrections or adding an interaction with matter fields [6, 7] . Hence, one needs to use a new method in order to construct a theory of gravity.
Among various methods of constructing a quantum theory of gravity one should emphasize the gauge approach as the most promising [8, 9, 10, 11] . In the gauge treatment of gravity there are two sets of dynamical variables, namely, the vierbein h a µ (x) and local Lorentz connection ω a bµ (x) or metric g µν (x) and affine connection Γ σ µν (x). The theory based on the first set of variables is called the Poincaré gauge gravitational theory with the structure group P 10 [12] . A curvature tensor R a bµν (ω) and a torsion tensor Q a µν (h, ω), which are the strength tensors of the Poincaré gauge gravitational theory, are defined by the following relations:
The theory based on the second set of variables is called the affine gauge gravitational theory with the structure gauge group GA(4, R) [13, 14] . The strength tensor of the theory is the curvature tensorR σ λµν (Γ) defined as:
The Lagrangian of a gauge theory is built out of terms quadratic in the strength tensor of fields. In the Poincaré or affine gauge theories the Lagrangians are defined as
where A i , B j and C j are arbitrary constants, and R 2 and Q 2 are now a symbolic notation for the contractions of the curvature or the torsion tensors, respectively.
For the classical limit, coinciding with the Einstein theory, to exist one needs to add a term linear in the curvature tensor to the Lagrangian.
At the present time, there are a lot of papers concerning the classical problems of the Poincaré and affine gauge gravitational theories [15, 16, 17, 18, 19] . However, the renormalizability properties of the theories have been insufficiently studied [20, 21, 22, 23, 24] .
In the above-mentioned theories, the torsion tensor has a different meaning. In the Poincaré gauge gravitational theory, the torsion tensor is a strength tensor of the tetrad fields. Hence, the terms quadratic in the torsion field must be present in the Lagrangian of the theory. In the affine gauge theory of gravity, the torsion tensor plays an auxiliary role. Therefore, the Lagrangian of the affine-metric theory of gravity can not contain terms quadratic in the torsion field.
The main goal of our work is to investigate the role of the torsion field in the affinemetric theory of gravity at the quantum level. The consideration of the full affine gauge theory described by the action (2) is very cumbersome and technically complex. To understand the role of the torsion fields in the affine-metric theory we will consider a simple model with the terms quadratic in the torsion fields. The Lagrangian of the model is the following:
where Λ is a cosmological constant and {b i } are arbitrary constants. We consider Γ σ µν (x) and g µν (x) as independent dynamical fields. This model is not an affine gauge theory in the above-mentioned sense. However, some properties of the affine metric theory can be studied by means of the model (3). In particular, this model possesses the same symmetries as the affine gauge theory.
The main obstacle to the renormalizability of Einstein's theory consists in the existence of the dimensional constant (Newton's constant) and thus in the need for new counterterms in each order of perturbation theory. In other words, renormalizable quantum gravity in four-dimensional space-time must contain terms with dimension four. However, the presence of an additional symmetry in the theory may improve the renormalization properties of the theory. For example, because of the presence of supersymmetry the terms violating the renormalizability of supergravity show up only in higher loops. The considered model (3) has the Lagrangian of dimension two. Hence, this theory is not renormalizable in all orders of perturbation theory. However, the projective invariance [25, 26] existing in the model with metric and affine connection as independent dynamical variables may influence the renormalizability of the theory [27] .
In the present work we will research the following problems:
1. The role of the terms quadratic in the torsion fields at the quantum level in the theory with independent metric and affine fields.
2. The influence of an additional projective symmetry on the one-loop counterterms.
3. The influence of the terms quadratic in the torsion fields on the one-loop renormalizability of the theory.
We use the following notation:
The objects marked by the tilde˜are constructed by means of the affine connection Γ σ µν . The others are the Riemannian objects.
Symmetries of the model and equations of motion
Let us consider the classical symmetries of the model (3). This model is invariant under the general coordinate transformation
Moreover, in the case of special choice of the coefficients {b j }, the action (3) is invariant under the following transformation of fields:
where C ν (x) is an arbitrary vector. This is the projective transformation [25] , [26] . It is easy to show that under the projective transformations (5) the curvature and torsion tensors transform in the following way:
Hence, the action (3) is invariant under the projective transformation (5) at the tree level only under the condition
The classical fields σ µν and g µν satisfy the following equations of motion:
and
where
Equation ( 8) has two solutions
where C ν is an arbitrary vector.
if 2b
Taking into account (9) or (10) we obtain from (7)
In the next chapter, we will consider at the quantum level two cases:
• the theory without the projective invariance (the condition (6) is not satisfied.)
• the theory with the projective invariance (the condition (6) is fulfilled)
3 One-loop counterterms
For calculating the one-loop effective action we will use the background field method [28, 29] and the Schwinger-DeWitt technique [30, 31] . In the gauge theories, the renormalization procedure may violate the gauge invariance at the quantum level, thus destroying the renormalizability of the theory. Therefore, one is bound to apply an invariant renormalization. We will use the dimensional regularization and minimal subtraction scheme in our loop calculation. This is the invariant renormalization.
In accordance with the background field method, all dynamical variables are rewritten as a sum of classical and quantum parts. In general case, the dynamical variables in the affine-metric theory are Γ . The one-loop counterterms on the mass-shell do not depend on the value of r and s. To simplify our calculation, we use the following numbers r = s = 0.
The fields Γ σ µν and g µν are now rewritten according to
where Γ σ µν , g µν are the classical parts satisfying equations (7) and (8) . The action (3) expanded as a power series in the quantum fields (12) defines the effective action for calculating the loop counterterms. The one-loop effective Lagrangian quadratic in the quantum fields is
Parentheses around index pairs denote symmetrization while parentheses around four indices mean symmetrization also under pair interchange. These symmetries are automatically enforced by the symmetries of the quantum fields multiplying these quantities.
Let us consider the first case: the theory without the projective invariance (the condition (6) is not satisfied). To get the diagonal form of the effective Lagrangian we are to replace the dynamical variables in the following way: Having solved equations (16) and (17) we obtain the following result:
where the constants A 2 and A 1 are defined by the following expressions :
The replacement (15) does not change the functional measure
We violate the coordinate invariance of the action (13) by means of the following gauge:
The Lagrangian of the coordinate ghost is
We don't give the details of cumbersome calculations. The one-loop counterterms on the mass-shell including the contributions of the quantum and ghost fields are
Let us consider the second case: the theory possessing the projective invariance (the condition (6) is fulfilled). In this case, the propagator F −1α µ βσ νλ of the quantum field γ σ µν does not exist because of the projective invariance of the effective Lagrangian (13) .
We consider the projective invariance as a gauge symmetry. Hence, we must fix this symmetry at the quantum level. The gauge fixing Lagrangian is
where b µ and π µ are additional auxiliary fields. Since they appear without derivatives in the Lagrangian, they can be eliminated by means of their equations of motion which yield
where F µ is given in equation (21) and f µ has the following form [27] : (27) where {f i } are constants satisfying the condition
For constructing the quantum Lagrangian we must add the appropriate FaddeevPopov ghost fields. We derive the corresponding theory from the invariance of the full Lagrangian under the BRST-transformation
where s is a nilpotent BRST operator. In the background field formalism we violate the symmetry connected with the transformation of quantum fields. The BRSTtransformation is obtained in the usual way from gauge transformation by replacing the gauge parameter by the corresponding ghost field. The complete BRSTtransformations for all fields are the following:
where (c µ , c ν ) and (χ µ , χ ν ) are the anticommuting ghost fields connected with general coordinate and projective transformations, respectively. The quantum Lagrangian is
where L ef f (γ, h) is the action (3) expanded as a power series in the quantum fields. This, together with the condition s 2 = 0, implies immediately the BRST invariance of the action (31) .
From (30) and (31) we obtain the one-loop ghost Lagrangian
where α is a constant and
The following relations are valid for arbitrary triangular matrix operator:
where A, B and C are arbitrary operators. Using these relations we can write the one-loop ghost contribution to the effective action in a more convenient form
where the first and second terms are the one-loop contribution of the coordinate and projective ghosts, respectively. The validity of the relation (35) can also be proven in a different way. To get the diagonal form of the ghost Lagrangian (32) we define a new field 
The ghost contribution to the one-loop effective action is given by the relation (35) .
To simplify our calculation we use the following projective gauge condition instead of (27) : where the constant A is nonzero.
The one-loop contribution of the projective ghosts to the effective action is proportional to δ 4 (0). In the dimensional regularization [δ 4 (0)] R = 0, and the contribution of the projective ghosts to the one-loop counterterms is equal to zero. Now, we must change equation (17) . The propagator of the quantum field γ 
